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Abstract— This paper derives an IMU-GPS-fused inertial
navigation observer for a mobile robot using the theory of
invariant observer design. One of the main features of invariant
observers for invariant systems on Lie groups is that the estima-
tion error is autonomous, hence the observable state variables
can be rendered convergent within a domain of attraction that is
independent of the system’s trajectory. The Invariant Extended
Kalman Filter (In-EKF) which is an extension of the Extended
Kalman Filter (EKF) is supposed to be more efficient given
that the system converges to constant values on a larger set
of trajectories as opposed to the equilibrium points that an
EKF is based on. This paper explores the implementation of
the In-EKF for robot localization and is compared against an
implementation of the EKF. The localization is performed on
the University of Michigan north campus long-term vision and
LIDAR dataset.

I. INTRODUCTION

Robot localization is the process of determining the pose
(i.e., position and orientation) of a mobile robot being given
a map. Localization is a fundamental building block for an
autonomous robot as the knowledge of where the robot is on
the map is essential for decision making about future actions.
Accurate estimation of robot pose plays a critical role in
a wide range of applications including navigation [1], [2],
human motion analysis [3], [4], and machine interaction [5].

Existing approaches to solving robot localization can be
broadly classified into two categories, filter based methods
and optimization based methods. Optimization based algo-
rithms are often advocated for its superior accuracy but
at the cost of intensive computations [6], [7], [8]. Filter
based methods like the extended Kalman filter (EKF) based
solutions are still extensively used mainly as a result of
their efficiency and simplicity [9], [10], [11]. In any filter
based sensor fusion framework, estimators are required to
achieve convergence to zero of the state estimation error.
An emerging methodology to accomplish this goal is the
Invariant EKF (In-EKF) built on the symmetry-preserving
observer theory [12].

The theory of invariant observer design is based on the
estimation error being invariant under the action of a matrix
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Lie group [13], which has recently led to the development of
the Invariant EKF (InEKF) [12], [14], [15] with successful
applications and promising results in simultaneous localiza-
tion and mapping [16] and aided inertial navigation systems
[17], [18], [19]. The invariance of the estimation error with
respect to a Lie group action is referred to as the symmetries
of the system. The main result of the InEKF is that symme-
tries lead to the estimation error satisfying a “log-linear”
autonomous differential equation on the Lie algebra of the
corresponding Lie group of system dynamics. Therefore, one
can design a nonlinear observer or state estimator with strong
convergence within a domain of attraction that is independent
of the system’s trajectory.

In this article, we derive a left In-EKF for a matrix Lie
group, SE2(3), acting on a navigation system containing an
IMU sensor dynamics, and GPS measurements. We show that
the defined system satisfies the “group affine” property (log-
linear error dynamics) and therefore can be incorporated as
the process model of an InEKF. We further discuss inclusion
of IMU bias into the observer which is necessary for real-
world applications. This work includes the following parts:

• Derivation of a left-invariant EKF for IMU process
model with a GPS measurement model;

• State augmentation of the above observer with IMU
biases;

• Derivation of a standard EKF for comparison with the
LI-EKF;

• Evaluations of the derived observers in a real-world
dataset.

The North Campus Long-Term (NCLT) dataset [20] collected
here at the University of Michigan is used in this project for
experimental evaluation of the derived filters.

The remainder of this article is organized as follows.
Background and preliminaries are given in Section II. Section
III provides the derivation of a left-invariant EKF for inertial
navigation with a left-invariant GPS measurement model.
Section IV discusses the state augmentation of the previously
derived InEKF with IMU bias. Standard EKF state estimator
is described in Section V. Experimental evaluations on the
NCLT dataset are presented in Section VI. Finally, Section
VII concludes the article and suggests future directions.
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II. REVIEW OF THEORETICAL BACKGROUND
AND PRELIMINARIES

We assume a matrix Lie group [21] denoted G and its
associated Lie Algebra denoted g. Define

Lg : Rdimg → g, (1)

that takes an element in the tangent space of G at the identity
to its corresponding matrix representation, we can write the
exponential map

exp : Rdimg → G, (2)

that relates a matrix Lie group to its associated Lie algebra
as

exp(ξ) = expm(Lg(ξ)), (3)

where expm(·) is the standard matrix exponential.
A process dynamics evolving on the Lie group is denoted

by
d

dt
Xt = fut

(Xt), (4)

where the state Xt lives in the Lie group G and ut is an
input variable. Consider the true state trajectory Xt and an
estimate of it X̄t. The state estimation error is defined using
right or left multiplication of X−1t as follows.

Definition 1 (Left and Right Invariant Error [15]). The right-
and left-invariant errors between two trajectories Xt and X̄t

are:

ηrt = X̄tX
−1
t = (X̄tΓ)(XtΓ)−1 (Right-Invariant) (5)

ηlt = X−1t X̄t = (ΓX̄t)
−1(ΓXt) (Left-Invariant), (6)

where Γ ∈ G is an arbitrary element of the group.

The following two theorems are the fundamental results
for deriving an Invariant extended Kalman filter and show
that a wide range of nonlinear problems can lead to linear
error equations provided the error variable is correctly cho-
sen.

Theorem 1 (Autonomous Error Dynamics [15]). A system
is group affine if the dynamics fut

(·) satisfies: for all t > 0
and X1,X2 ∈ G:

fut(X1X2) = fut(X1)X2 + X1fut(X2)−X1fut(Id)X2,
(7)

where Id denotes the identity matrix. Furthermore, if this
condition is satisfied, the right- and left-invariant error
dynamics are trajectory independent and satisfy:

d

dt
ηrt = grut

(ηrt ), where grut
(η) = fut(η)− ηfut(Id) (8)

d

dt
ηlt = glut

(ηlt), where glut
(η) = fut(η)− fut(Id)η. (9)

Theorem 2 (Log-linear Property of the Error [15]). Consider
the right- or left-invariant error ηit as defined by (5) and (6)
between two arbitrarily far trajectories of (4) and (7), the
superscript i denoting indifferently l or r. Let Lg and exp(·)
be defined as above. Let ξi0 ∈ Rdimg be such that initially

exp(ξi0) = ηi0. (10)

Let Ai
t be defined by

giut
(exp(ξ)) = Lg(Ai

tξ) +O(‖ξ‖2). (11)

If ξit is defined for t > 0 by the linear differential equation
in Rdimg

d

dt
ξit = Ai

tξ
i
t, (12)

then, we have for the true non-linear error ηit, the corre-
spondence at all times and for arbitrarily large errors

∀t ≥ 0,ηit = exp(ξit). (13)

This theorem states that (12) is not the typical Jacobian
linearization along a trajectory because the left- or right-
invariant error on the Lie group can be exactly recovered
from its solution. This result is of major importance for the
propagation (prediction) step of the InEKF.

The adjoint representation plays a key role in the theory
of Lie groups and through this linear map we can capture
the non-commutative structure of a Lie group.

Definition 2 (The Adjoint Map [21]). Let G be a matrix Lie
group with Lie algebra g. For any X ∈ G, the adjoint map,

AdX : g→ g, (14)

is a linear map defined as

AdX(Lg(ξ)) = XLg(ξ)X−1. (15)

Furthermore, we denote the matrix representation of the
adjoint map by AdX, such that

AdX(Lg(ξ)) = Lg(AdXξ). (16)

III. SE2(3) CONTINUOUS LEFT-INVARIANT EKF
In this section, we derive a Left-Invariant Extended

Kalman Filter (LI-EKF) using IMU and GPS measurements.
IMU biases are neglected for now to be consistent with the
standard InEKF theory. Section IV provides a method for
reintroducing the bias terms.

A. State Representation
As with typical aided inertial navigation, we wish to

estimate the orientation, velocity, and position of the robot
(IMU) in the world frame. These states are represented by
RWB(t), vW WB(t), and pW WB(t) respectively. The pose
of the IMU, {RWB(t), pW WB(t)}, describes a mapping of
a point from sensor frame B to world frame W . The above
collection of state variables forms the group of double direct
spatial isometry SE2(3). Specifically, Xt ∈ SE2(3) can be
represented by the following matrix:

Xt ,

 RWB(t) vW WB(t) pW WB(t)
01×3 1 0
01×3 0 1

 . (17)

We introduce the following shorthand notation:

Xt ,

 Rt vt pt
01×3 1 0
01×3 0 1

 , (18)

ut ,

[
ω̃B WB(t)
ãB WB(t)

]
,

[
ωt
at

]
, (19)



where the input ut is formed from the angular velocity and
linear acceleration measurements coming from the IMU. It
is important to note that these measurements are taken in the
body (or IMU) frame. State Xt has a total of 9 degrees of
freedom (3 for rotation, 3 for velocity, and 3 for position),
indicating the dimension of the associated Lie algebra is also
9. The Lie algebra of SE2(3), denoted by se2(3), is a 5
dimensional square matrix. Defining a map, Lg : R9 → g,
that maps a vector ξ ∈ R9 to the corresponding element of
the Lie algebram, we can write it as:

Lg(ξ) = Lg

 ξR

ξv

ξp

 =


(
ξR
)∧

ξv ξp

01×3 0 0
01×3 0 0

 , (20)

where (·)∧ denotes a 3× 3 skew-symmetric matrix.
The exponential mapping is given by the formula:

exp(ξ) = I5+S+
1− cos ‖ξ‖
‖ξ‖2

S2+
‖ξ‖ − sin ‖ξ‖
‖ξ‖3

S3, (21)

where S = Lg(ξ).
Matrix representation of the adjoint operator is given by:

AdXt
=

 Rt 0 0
vt ×Rt Rt 0
pt ×Rt 0 Rt

 . (22)

B. Continuous System Dynamics

The IMU measurements are modeled as being corrupted
by additive white Gaussian noise, per

ω̃t = ωt + wg
t , wg

t ∼ GP(03×1,Σ
gδ(t− t′)) (23)

ãt = at + wa
t , wa

t ∼ GP(03×1,Σ
aδ(t− t′)). (24)

The IMU dynamics can be written as:

Ṙt = Rt(ω̃t −wg
t )∧ (25)

v̇t = Rt(ãt −wa
t ) + g (26)

ṗt = vt, (27)

where g is the gravity vector.
In matrix form, the dynamics can be expressed as

d

dt
Xt =

 Rtω̃
∧
t Rtãt + g vt

01×3 0 0
01×3 0 0


−

 Rt vt pt
01×3 0 0
01×3 0 0

 (wg
t )
∧

wa
t 03×1

01×3 0 0
01×3 0 0


, fut

(Xt)−XtLg(wt), (28)

where wt =
[
(wg

t )
T
, (wa

t )
T
,01×3

]T
. The deterministic

system dynamics, fut
(·), can be shown to satisfy the group

affine property (7). Therefore, following Theorem 1, the left-
and right-invariant error dynamics will evolve independently
of the system’s state. Elementary computations based on the

results of Theorem 1 show that for the noisy model (28) we
have

d

dt
ηlt = fut

(ηlt)− fut
(Id)η

l
t + Lg(wt)η

l
t

= glut
(ηlt) + Lg(wt)η

l
t, (29)

where the second term arises from the additive noise. The
derivation follows the results in [15] and is not repeated here.

Theorem 2 furthermore specifies that the invariant error
satisfies a log-linear property. Namely, if At is defined by

glut
(exp(ξ)) = Lg(Atξ) +O(‖ξ‖2), (30)

then the log of the invariant error, ξ ∈ Rdimg, satisfies the
linear system

d

dt
ξt = Atξt + wt. (31)

We provide a quick proof of (31) below, from (29),

d

dt
ηt =

d

dt
exp(ξt) ≈

d

dt
(Id + Lg(ξt)) =

d

dt
(Lg(ξt))

= glut
(exp(ξt)) + Lg(wt)exp(ξt)

≈ Lg(Atξt) +O(‖ξt‖2) + Lg(wt) (Id + Lg(ξt))

= Lg (Atξt + wt) +O(‖ξt‖2) +O(‖wt‖‖ξt‖),

=⇒ d

dt
(Lg(ξt)) = Lg (Atξt + wt) ,

=⇒ d

dt
ξt = Atξt + wt. (32)

To compute the matrix At, we linearize the invariant error
dynamics, glut

(·), using the first order approximation

ηlt = exp(ξt) ≈ Id + Lg(ξt), (33)

to yield

glut
(ηlt) = glut

(Id + Lg(ξt))

= fut
(Id + Lg(ξt))− fut

(Id) (Id + Lg(ξt))

=


(

I +
(
ξRt

)∧)
ω̃∧t

(
I +

(
ξRt

)∧)
ãt + g ξvt

01×3 0 0
01×3 0 0


−

 ω̃∧t ãt + g 03,1

01×3 0 0
01×3 0 0


 I +

(
ξRt

)∧
ξvt ξpt

01×3 1 0
01×3 0 1


=

 G11 G12 G13

01×3 0 0
01×3 0 0

 ,
where I = I3×3,

G11 =
(
ξRt

)∧
ω̃∧t − ω̃∧t

(
ξRt

)∧
=
(
−ω̃∧t ξ

R
t

)∧
,

G12 =
(
ξRt

)∧
ãt − ω̃∧t ξ

v
t ,

G13 = ξvt − ω̃∧t ξ
p
t . (34)



We can further write glut
(·) as

glut
(ηlt) =

 G11 G12 G13

01×3 0 0
01×3 0 0


= Lg

 −ω̃∧t ξ
R
t

−ã∧t ξ
R
t − ω̃∧t ξ

v
t

ξvt − ω̃∧t ξ
p
t


= Lg

 −ω̃∧t 03×3 03×3
−ã∧t −ω̃∧t 03×3
03×3 I3×3 −ω̃∧t

 ξRt
ξvt
ξpt

 . (35)

With the above, we can express the prediction step of the
LI-EKF. The state estimate, X̂t, is propagated though the
deterministic system dynamics, while the covariance matrix,
Pt, is computed using the Riccati equation, namely,

d

dt
X̂t = fut

(X̂t),
d

dt
Pt = AtPt + PtAt + Q̂t, (36)

where the matrices At and Q̂t are obtained from (35) and
(31),

At =

 −ω̃∧t 03×3 03×3
−ã∧t −ω̃∧t 03×3
03×3 I3×3 −ω̃∧t

 , Q̂t = Cov[wt]. (37)

C. Discretization

The continuous dynamics can be discretized by assum-
ing a zero-order hold on the inputs and performing Euler
integration from tk−1 to tk. The discrete dynamics for the
individual state elements becomes:

R̂tk = Rtk−1
exp(ω̃t∆t) (38)

v̂tk = vtk−1
+ (Rtk−1

ãt + g)∆t (39)

p̂tk = ptk−1
+ vtk−1

∆t+
1

2
(Rtk−1

ãt + g)∆t2,(40)

where ∆t = tk− tk−1 and exp(·) is the exponential map for
SO(3). A first-order approximation can be used to simplify
integration of the Riccati equation, resulting in the following
discrete-time covariance propagation equation,

Pk = ΦPk−1Φ
T + Q̂k−1, (41)

where

Φ = expm(At∆t) (42)
Q̂k−1 ≈ ΦQ̂tΦ

T∆t. (43)

D. Left-invariant Measurement Model

The GPS measurement model corresponds to the left-
invariant observation form: Ytk = X̂tkb + Vtk , ytk

0
1

 =

 R̂tk v̂tk p̂tk
01×3 1 0
01×3 0 1

 03×1
0
1

+

 vtk
0
0


(44)

Therefore, the innovation depends solely on the invariant
error and the update equations take the form

X̂+
tk

= X̂tkexp
(
Ltk

(
X̂−1tk Ytk − b

))
(45)

ηl+tk = ηltkexp
(
Ltk

((
ηltk
)−1

b− b + X̂−1tk Vtk

))
(46)

where exp(·) is the exponential map corresponding to the
state matrix Lie group, Ltk is a gain matrix to be defined
later. Linearizing the left-invariant error ηltk and neglecting
the higher order terms, we get

ξltk
+

= ξltk + Ltk(−Lg(ξltk)b + X̂−1tk Vtk) (47)

Define the measurement Jacobian, H, such that

Hξ = Lg(ξ)b =


(
ξR
)∧

ξv ξp

01×3 0 0
01×3 0 0


 03×1

0
1


=

 ξp

0
0

 =

 03×3 03×3 I3×3
01×3 0 0
01×3 0 0

 ξR

ξv

ξp

 , (48)

and in its reduced form,

H =
[

03×3 03×3 I3×3
]
. (49)

We can further write the linearized error as

ξl+tk = ξltk − LtkHξltk + LtkX̂−1tk Vtk (50)

= (I− LtkH)ξltk + LtkX̂−1tk Vtk (51)

Finally, we can write down the full state and covariance
update equations of the LI-EKF using the derived linear
update equation and the theory of Kalman filtering as

X̂+
tk

= X̂tkexp
(
Ltk

(
X̂−1tk Ytk − b

))
(52)

P+
tk

= (I− LtkH)Ptk(I− LtkH)T + LtkN̂tkLTtk , (53)

where

N̂tk = X̂−1tk Cov[Vtk ]X̂−Ttk , (54)

Ltk = PtkHTS−1, (55)
S = HPtkHT + N̂tk . (56)

IV. INCLUDING IMU BIASES

Our previous discussion is based on IMU measurements
modeled with additive white Gaussian noise. In practice,
especially in guidance applications where accelerations are
constantly being integrated to calculate velocity and position
(“dead reckoning”), IMU measurements could be corrupted
by an error accumulated over time. To include such accu-
mulated error, also referred to as IMU biases, additional
states such as accelerometer biases are typically modeled.
Unfortunately, the bias dynamics cannot be incorporated
into a Lie group with previously defined states while the
group affine property is maintained. In this section, following
Manni’s work [18], [19], we attempt to design an “Imperfect
InEKF”, which treats the additional bias states outside Lie
group, and evaluate its performance.



A. State Representation

Considering the IMU biases, the IMU measurement model
is now rewritten as:

ω̃t = ωt + bgt + wg
t , wg

t ∼ GP(03×1,Σ
gδ(t− t′))

ãt = at + bat + wa
t , wa

t ∼ GP(03×1,Σ
aδ(t− t′)).

We now define a parameter vector for these biases which
needs to be accurately estimated,

θt ,

[
bg(t)
ba(t)

]
,

[
bgt
bat

]
∈ R6. (57)

Incorporating the bias parameter into the LI-EKF state, the
new model’s state is now a tuple of previously defined state
in Lie group and the parameter vector, (Xt,θt) ∈ G × R6.
The left-invariant error is rewritten as,

elt , (X−1t X̂t, θ̂t − θt) , (ηlt, ζt). (58)

B. Continuous-time dynamics

The left invariant error of Lie group state ηlt can be written
explicitly as:

ηlt = X−1t X̂t

=

R−1t −R−1t vt −R−1t pt
01×3 1 0
01×3 0 1

 R̂t v̂t p̂t
01×3 1 0
01×3 0 1


=

R−1t R̂t R−1t v̂t −R−1t vt R−1t p̂t −R−1t pt
01×3 1 0
01×3 0 1

 ,
while the parameter vector error is given by

ζt ,

[
b̂gt − bgt
b̂at − bat

]
,

[
ζgt
ζat .

]
With the IMU measurement model now including bias, the

IMU dynamics can be rewritten as:

Ṙt = Rt(ω̃t − bgt −wg
t )∧

v̇t = Rt(ãt − bat −wa
t ) + g

ṗt = vt.

The IMU bias dynamics are modeled using the typical
“Brownian motion” model, i.e., the derivatives are white
Gaussian noise,

ḃgt = wbg
t , wbg

t ∼ GP(03×1,Σ
bgδ(t− t′))

ḃat = wba
t , wba

t ∼ GP(03×1,Σ
baδ(t− t′)).

The deterministic system dynamics now becomes

fut,θt(Xt,θt) =

 Rtω̄
∧
t Rtāt + g vt

01×3 0 0
01×3 0 0

 , (59)

where

ω̄t , ω̃t − bgt (60)

āt , ãt − agt , (61)

are the “bias-corrected” inputs. To compute the linearized
error dynamics, the augmented left-invariant error (58) is first
differentiated with respect to time,

ėlt =

(
η̇lt,

[
wbg
t

wba
t

])
. (62)

It follows from chain rule and first order approximation
ηlt = Id + (ξlt)

∧ that,

d

dt

(
R−1t R̂t

)
=

(
d

dt
Rt

)T
R̂t + RT

t

(
d

dt
R̂t

)
= (Rt(ω̃t − bgt −wg

t )∧)
T

R̂t + RT
t R̂t(ω̃t − b̂gt )

∧

= −(ω̃t − bgt −wg
t )∧RT

t R̂t + RT
t R̂t(ω̃t − b̂gt )

∧

≈ −(ω̃t − bgt −wg
t )∧

(
I3×3 +

(
ξRt

)∧)
+

(
I3×3 +

(
ξRt

)∧)
(ω̃t − b̂gt )

∧

= (bgt − b̂gt + wg
t )∧ − (ω̃t − bgt −wg

t )∧
(
ξRt

)∧
+
(
ξRt

)∧
(ω̃t − bgt )

∧

= (−ζgt + wg
t )
∧ − (ω̃t − ζgt )∧(ξRt )∧ + (ξRt )∧(ω̃t − ζgt )∧

+ (bgt − b̂gt )
∧(ξRt )∧

=
(
−(ω̃t − ζgt )∧ξ

R
t − ζ

g
t + wg

t

)∧
−
(

(bgt )
∧ξRt

)∧
− (ζgt )

∧(ξRt )∧

≈
(

(−ω̃t)∧ξRt − ζ
g
t + wg

t

)∧
where the last line is derived by only keeping the first order
term. Similar to th

We define the augmented error as follows,

wt = vec(wg
t ,w

a
t ,03×1,w

tg
t ,w

ba
t ) (63)

Then from the definition of the left invariant error, we further
have

d

dt
ηlt = Lg

 d
dt (R

−1
t R̂t)

d
dt (R

−1
t v̂t −R−1t vt)

d
dt (R

−1
t p̂t −R−1t pt)


= Lg

 −(ω̃t)
∧ξgt − ζ

g
t + wg

t

−(ãt)
∧ξgt − (ω̃t)

∧ − ζat + wa
t

ξvt − (ω̃t)
∧ξpt


= Lg(Al

te
l
t + wt)

It follows that

Al
t =


−(ω̃t)

∧ 0 0 −I 0
−(ãt)

∧ −(ω̃t)
∧ 0 0 −I

0 I −(ω̃t)
∧ 0 0

0 0 0 0 0
0 0 0 0 0





Using the results derived above, we can describe the
prediction step of LI-EKF with IMU bias in terms of the
state estimate X̂t and the augmented covariance matrix Pt:

d

dt
X̂t = fut

(X̂t),
d

dt
Pt = Al

tPt + PtA
l
t + Q̂t

where Q̂t = Cov(w(t)). The corresponding discrete-time
dynamics with a zero-order hold Euler integration from tk−1
to tk can be written as:

R̂tk = Rtk−1
exp((ω̃t − b̂gt )∆t) (64)

v̂tk = vtk−1
+ (Rtk−1

(ãt − b̂at ) + g)∆t (65)

p̂tk = ptk−1
+ vtk−1

∆t+
1

2
(Rtk−1

(ãt − b̂at ) + g)∆t2

(66)

The IMU bias state estimates are also propogated by their
deterministic dynamics:

b̂gtk = b̂gtk−1
, b̂atk = b̂atk−1

The discrete-time covariance propogation under zero-order
hold Euler integration is described as:

Ptk = ΦPtk−1
ΦT + ΦQtk−1

ΦT∆t

where Φ = expm(Al
t∆t).

Since the measurement (GPS signal) is not correlated
with the IMU bias, the correction step will be in the same
formulation as developed in Section III. The IMU bias
states θt are propagated along with the state matrix. For
simplification, we define the augmented state matrix X̂k,aug

as:

X̂k,aug =


R̂k v̂k p̂k b̂gk b̂ak

01×3 1 0 0 0
01×3 0 1 0 0
01×3 0 0 1 0
01×3 1 0 0 1


The measurement model is modified with augmented matri-
ces,

Yk,aug = X̂k,augbaug + Vk,aug

= [yk, 0, 1, 0, 0]T

baug = [03×1, 0, 1, 0, 0]T

Vk,aug = [vk, 0, 0, 0, 0]T

The measurement Jacobian should be augmented with 0
terms in the matrix since measurement is not dependent on
the additional states (IMU bias):

H =
[
03×3 03×3 I3×3 03×3 03×3

]
Using these augmented matrices and augmented state matrix,
the final equations for correction step are summarized as
follows:

X̂+
k,aug = X̂k,augexp

(
Ltk

(
X̂−1k,augYk,aug − b

))
(67)

P+
k = (I− LkH)Pk(I− LkH)T + LkN̂kL

T
k , (68)

where

N̂k = X̂−1k,augCov[Vk,aug]X̂
−T
k,aug,

Lk = PkH
TS−1,

S = HPkH
T + N̂k

V. EXTENDED KALMAN FILTER

In this section we present the EKF which we use to
compare the results of our LI-EKF against.

A. State Representation

Similar to [4], we present our state space representation
of the model with Orientation, Velocity and Position of the
robot in the world frame. Specifically, Xt ∈ R9 is given by:

Xt = (Ot,vt,pt)
T (69)

where Ot = (φk, θk, ψk)T is the estimated orientation in
euler angles, vt = (ẋk, ẏk, żk)T is the velocity and pt =
(xk, yk, zk)T is the position of the robot in the world frame.

B. System Dynamics

Given the angular velocity ωt and acceleration at measure-
ments from the IMU, the orientation (given in quaternions)
is estimated using the Madgwick Filter as described in [3].

Velocity and Position are propagated as follows:

Xt(4 : 9) =

[
Vk

Pk

]
=

[
I 0

I ∗Ts I

]
Xt−1(4 : 9)+[

Ts ∗ I
T2
s/2 ∗ I

]
aWt−1 (70)

Here, aWt−1 is the acceleration of the robot in the world
frame and is given by

aWt = Qt ∗ aBt ∗Q′t −G (71)

where ∗ is the quaternion multiplication. G = (0, 0, g)T is
earth’s gravity and Qt = (qw,t, q1,t, q2,t, q3,t)

T is the quater-
nion representation of the rotation transformation between
the inertial sensor frame B and the global reference frame
W.

The discretized model is given by

Xt =

 Ok

Vk

Pk

 =

 0 0 0
0 I 0
0 dt ∗ I I


︸ ︷︷ ︸

A

Xt−1+

 T2
s/2 ∗ I
Ts ∗ I

0


︸ ︷︷ ︸

B

aWt−1 +

 Q2Euler(Qt)
0
0

+ wt (72)

Here, the Q2Euler(Qt) is a function to transform the
quaternion orientation obtained from the madgwick filter for
propagating the orientation. wt is the process noise with
noise covariance matrix given by Wt. The state covariance
is propogated using the following equation:

Σ−t = AΣtA
T + Wt (73)



C. Measurement model

Similar to the In-EKF, the measurements taken are the po-
sitions x and y from the latitude and longitude measurements
of the GPS.

zt = HX−t + nt (74)

where nk is the measurement noise given by the noise
covariance matrix Rt and H is given by

H =

[
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0

]
(75)

The innovation vt is given by

vt = zt −HX−t (76)

and the filter gain K is given by

St = HΣ−t HT + Rt (77)

Kt = Σ−t HTS−1t (78)

The corrected state and the state covaraince is given by

Xt = X−t + Ktvt (79)

Σt = (I−KtHt)Σ
−
t (I−KtHt)

T + KtRtK
T
t (80)

VI. RESULTS

The filters were tested using the NCLT dataset [20]
containing IMU and GPS data. Sensors used for navigation
relative to this project are an Microstrain 3DM-GX3-45 IMU
(3-axis accelerometers, gyroscopes, and magnetometers) and
a Garmin 18x 5Hz consumer grade GPS. The dataset also
preprocessed a large SLAM solution with all sessions using
lidar scan matching and high-accuracy RTK GPS to provide
ground-truth robot pose. Data recorded on 2013-01-10 were
used in this project. Fig. 1 shows the overall robot trajectory
overlaid onto Google Maps based on pure GPS data.

The proposed Left-invariant EKF without IMU bais was
first implemented to investigate potential benefits or draw-
backs of the filter. The noise statistics and initial covariance
estimates are provided in Table I. The euler angle estimates
as well as their corresponding ground-truth are shown in Fig.
2. As shown in the figure, solid lines (LI-EKF estimates)
follow the trend of dashed lines (ground-truth) pretty well.
Roll and pitch angles are correctly estimated by the filter as
small angles close to 0 since the robot is moving smoothly
on the horizontal plane. However, clearly, there is an ever-
growing offset between the estimated yaw angle and the
ground-truth, which can be attributed to lack of gyro bias
in the modeling. Fig. 3 shows x, y, θ, ψ estimate errors
as well as their 3-sigma contours for the LI-EKF filter.
Conclusion can be drawn from the figure that robot pose
can be accurately extracted from the LI-EKF filter except
that some extra modeling of the gyro yaw angle (adding
gyro bias) is needed.

Similar to the In-EKF, the Euler Angle estimates as well as
their corresponding ground-truths are shown in Fig. 4. This
plot is very similar to the In-EKF and the differences only
noticeable upon closer inspection. Fig. 5 shows x, y, θ, ψ

Fig. 1. Robot Trajectory Overlaid onto Google Maps

TABLE I
EXPERIMENT NOISE STATISTICS AND INITIAL COVARIANCE

State Element / Measurement Type noise st. dev.
Lie algebra ξ eye(9)

Accelerometer Noise 0.014 m/sec2

Gyroscope Noise 0.01 rad/sec
GPS Noise 1 m

Fig. 2. Euler Angle plots for LiEKF

Fig. 3. Error plots for LiEKF

estimate errors and the 3-sigma contours for the EKF filter.
Here, it can be seen that x and y go out of the sigma bounds
which is a weaker performance compared to the In-EKF.



Fig. 4. Euler Angle plots for EKF

Fig. 5. Error plots for EKF

Fig. 6 and Fig. 7 show the trajectories obtained by running
through the EKF and In-EKF respectively and as can be seen
they are quite close.

Fig. 6. Predicted robot trajectory using EKF

We also made attempts to add imu bias to the LI-EKF,

Fig. 7. Predicted robot trajectory using LiEKF

VII. CONCLUSIONS

In this final project, we’ve successfully reimplemented two
filter based localization algorithms namely EKF and LI-EKF.
We applied such methods onto the North Campus Long Term
Vision Dataset to localize a mobile robot travelling across the
North Campus. We demonstrated that these methods are able
to very accurately track the robot’s trajectory over time. In
addition, we also attempted to integrate IMU biases into the
LiEKF algorithm to achieve better performance. For future
works, we hope to complete and fully test our integration of
IMU biases as well as evaluate our method on other datasets.
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